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Abstract
Let P be a linear partial differential operator with coefﬁcients in the Gevrey class GsðTnÞ
where Tn is the n-dimensional torus and sX1: We prove that if P is s-globally hypoelliptic in
Tn then its transposed operator tP is s-globally solvable in Tn; thus extending to the Gevrey
classes the well-known analogous result in the corresponding CN class.
r 2004 Elsevier Inc. All rights reserved.
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1. Introduction
We recall that ‘‘A globally hypoelliptic linear partial differential operator has a
globally solvable transpose’’ in the CN frame; this is a well-known theorem of
Ho¨rmander [17, Theorem 26.1.7].
The aim of this paper is to extend the above result to the Gevrey classes of index
sX1 on the torus (see Theorem 2.1). We remark that recently several authors have
studied global hypoellipticity and solvability in this setting (see, for example, [8–
11,14–16,25–27,33] and the references quoted therein). We recall that generalized
Diophantine conditions have been given to characterize global hypoellipticity–
solvability of classes of operators with variable coefﬁcients (see [3,8–10,14–16]). The
simplest such condition was ﬁrst used by Greenﬁeld and Wallach [12] to show that
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the operator P ¼ @t  a@x; aAR; is globally hypoelliptic in T2 if and only if a is not
a Liouville number.
We also determine topological properties to deﬁne classes of functions for which
our result holds yet (see Remark 2.1 and Theorem 2.2). Moreover, further conditions
allow us to obtain interior solvability from global hypoellipticity for every compact
set (see Theorem 2.3).
Finally, we give applications of our result to some classes of linear partial
differential operators on the torus.
2. Main results
We begin by introducing some notations and deﬁnitions. If O is an open subset of
Rn we write CNðOÞ for the space of all inﬁnitely differentiable functions in O; CN0 ðOÞ
is the subspace of CNðOÞ of all compactly supported functions and D0ðOÞ; its
topological dual, is the space of distributions. If K is a regular compact set (i.e., K is
the closure of the set of its interior points) then we can also deﬁne CNðKÞ as the
space of all inﬁnitely differentiable functions in K
3
whose partial derivatives of every
order have bounded continuous extension on @K:
The Gevrey classes GsðOÞ are deﬁned as follows. Let K be a regular compact
subset of Rn (this assumption is always assumed in the following) and Z40; sX1 two
real numbers; we denote
GsðK ; ZÞ ¼ fACNðKÞ;
X
aX0
jDafjL2ðKÞ
Zjaj
ða!Þs ¼ jf; K ; s; ZjoN
( )
;
where
jfjL2ðKÞ ¼
Z
K
jfðxÞj2 dx
 1=2
:
Then we deﬁne
GsðKÞ ¼ ind lim
Z-0
GsðK ; ZÞ; GsðOÞ ¼ proj lim
KCO
GsðKÞ:
In particular, G1ðOÞ ¼ AðOÞ is the space of all real analytic functions in O:
We emphasize that there are in fact, many different but equivalent ways to deﬁne
these spaces; see [18,21,29]. We also remark that the space GsðKÞ is an inductive limit
of Banach spaces with compact linking maps and then it is a dual Fre´chet–Schwartz
space (therefore, a reﬂexive locally convex space).
The elements of the topological dual of these spaces are called ultradistributions
for s41 and real analytic functionals for s ¼ 1 [21,30]. In particular, denote by
E0sðOÞ ¼ ðGsðOÞÞ0 and E0sðKÞ ¼ ðGsðKÞÞ0 both endowed with the corresponding
strong topology; therefore, E0sðKÞ is a Fre´chet–Schwartz space.
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Next, denote by Tn ¼ Rn=2pZn the n-dimensional torus. For each sX1 let GsðTnÞ
be the space of all Gs-functions on Tn; which are identiﬁed with the Gs-functions on
Rn that are 2p-periodic in each variable. Clearly, GsðTnÞ is a closed subspace of
GsðRnÞ: Moreover, put Kp ¼ ½p; p	n and
GsðTn; ZÞ ¼ fAGsðTnÞ;
X
aX0
jDafjL2ðKpÞ
Zjaj
ða!Þs ¼ jf; Kp; s; ZjoN
( )
for each Z40; it holds that the inclusions maps GsðTn; ZÞ+GsðTn; Z0Þ; Z4Z0; are
compact and that
GsðTnÞ ¼ ind lim
Z-0
GsðTn; ZÞ
when GsðTnÞ is endowed with the topology induced on it by GsðRnÞ: Consequently, it
is also a dual Fre´chet–Schwartz space (hence a reﬂexive locally convex space) and its
topological dual E0sðTnÞ ¼ ðGsðTnÞÞ0 equipped with the corresponding strong
topology is a Fre´chet–Schwartz space.
We point out that the spaces GsðKÞ and GsðTnÞ are endowed with the same
topological structure.
We denote as usual Da ¼ Da11 yDann ; Dj ¼ i@=@xj and consider the linear
differential operator of order m
P ¼ Pðx; DÞ ¼
X
jajpm
aaðxÞDa; ð2:1Þ
with ðaaÞjajpmCGsðTnÞ: Its transposed operator tP is deﬁned by
tPf ¼
X
jajpm
ð1ÞaDaðaaf Þ ð2:2Þ
for all fAGsðTnÞ: Clearly, both operators P and tP are linear continuous operator
from GsðTnÞ in GsðTnÞ: Moreover, for each uAE0sðTnÞ and fAGsðTnÞ let deﬁne
/f ; PuS :¼ /tPf ; uS ð2:3Þ
and
/f ; tPuS :¼ /Pf ; uS: ð2:4Þ
Then P and tP are also linear continuous operator from E0sðTnÞ in E0sðTnÞ: Since
every element of GsðTnÞ is a function that is 2p-periodic in each variable, from (2.3)
and (2.4) follows that for any uAGsðTnÞ (hence uAE0sðTnÞ and /f ; uS ¼
R
Tn
fu dx for
all fAGsðTnÞ)
/f ; PuS ¼
Z
Tn
f Pu dx and /f ; tPuS ¼
Z
Tn
f tPu dx
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for all fAGsðTnÞ (i.e., following (2.3) and (2.4) P and tP act on the subspace GsðTnÞ
of E0sðTnÞ exactly as in (2.1) and (2.2), respectively). Consequently, the adjoint
operators of P and of tP are tP and P; respectively. It follows that if fAGsðTnÞ and
Pu ¼ f in Tn for some uAE0sðTnÞ; then for each vAGsðTnÞ satisfying tPv ¼ 0
Z
Tn
vf dx ¼ 0: ð2:5Þ
Next, we recall that the operator P is said to be s-globally hypoelliptic (globally
analytic hypoelliptic if s ¼ 1) in Tn if the conditions uAE0sðTnÞ and PuAGsðTnÞ imply
that uAGsðTnÞ: The operator P is said to be s-globally solvable (globally analytic
solvable if s ¼ 1) in Tn if for every fAfvAGsðTnÞ; R
Tn
vw dx ¼
0 for all wAGsðTnÞ with tPw ¼ 0g there exists uAE0sðTnÞ such that Pu ¼ f in Tn:
This deﬁnition allows, in principle, an inﬁnite dimensional Ker tP; see [26] for a
simple example.
Here follows the main result of this paper, whose proof is along the lines of [17,
Theorem 26.1.7].
Theorem 2.1. Let sX1 and let P be a linear differential operator of order m with
coefficients in GsðTnÞ: If P is s-globally hypoelliptic in Tn; then tP is s-globally solvable
in Tn:
Since s-global solvability implies s0-global solvability for 1ps0ps from Theorem
2.1 it follows:
Corollary 2.1. If P is not s0-global solvable in Tn; then tP is not s-globally hypoelliptic
for sXs0X1:
Towards Theorem 2.1 we need two lemmas; their proofs are inspired by [1,
Lemmas 2.3 and 2.4].
Lemma 2.1. Let sX1 and let P be s-globally hypoelliptic in Tn: Let fpi; iAIg be a
fundamental system of continuous seminorms of GsðTnÞ: Then for every iAI there exist
ci40 and i0AI such that
piðfÞpciðjfjL2ðTnÞ þ pi0 ðPfÞÞ ð2:6Þ
for every fAGsðTnÞ:
Proof. Recall that P is a well-deﬁned linear continuous operator from E0sðTnÞ in
E0sðTnÞ and that L2ðTnÞ is continuously embedded in E0sðTnÞ: Let deﬁne
Pr : DðPrÞ ¼ ffAL2ðTnÞ : PfAGsðTnÞgCL2ðTnÞ-GsðTnÞ; f-Pf;
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then it follows that Pr is a closed operator when DðPrÞ is endowed with the topology
induced by L2ðTnÞ:
Since P is s-globally hypoelliptic in Tn; DðPrÞ ¼ GsðTnÞ and then we can deﬁne the
operator
J : GPr-G
sðTnÞ
by Jðf; PfÞ ¼ f; where GPrCGsðTnÞ  GsðTnÞ is the graph set of Pr: Clearly, also J
is closed when GPr is endowed with the topology induced by L
2ðTnÞ  GsðTnÞ:
To prove that this implies that J is a linear continuous map from GPr ; endowed
with the topology t induced by L2ðTnÞ  GsðTnÞ; into GsðTnÞ; we show that ðGPr ; tÞ
is an inductive limit of Banach spaces. To do this we proceed as in the proof of [1,
Lemma 2.3].
We ﬁrst remark that the inclusion map GsðTnÞ  GsðTnÞ+L2ðTnÞ  GsðTnÞ is
clearly continuous; moreover GPr is contained in G
sðTnÞ  GsðTnÞ and it is closed in
L2ðTnÞ  GsðTnÞ; as already observed above. Therefore GPr is also a closed subspace
of GsðTnÞ  GsðTnÞ; we denote by t2 the topology induced on GPr by GsðTnÞ 
GsðTnÞ:
We observe that
GsðTnÞ  GsðTnÞ ¼ ind lim
Z-0
GsðTn; ZÞ  GsðTn; ZÞ
and that the linking maps
GsðTn; ZÞ  GsðTn; ZÞ+GsðTn; Z0Þ  GsðTn; Z0Þ; Z4Z040;
are compact (see [21, Proposition 2.2]). Therefore by [20, Theorem 7’] it follows that
ðGPr ; t2Þ ¼ ind limZ-0 GPr-½G
sðTn; ZÞ  GsðTn; ZÞ	;
consequently ðGPr ; t2Þ is also a dual Fre´chet–Schwartz space and hence a semi-
Montel space.
We denote now by t1 the inductive topology on GPr deﬁned by
ðGPr ; t1Þ :¼ ind limZ-0 GPr-½L
2ðTnÞ  GsðTn; ZÞ	:
Clearly, the inclusion map
ðGPr ; t2Þ+ðGPr ; t1Þ
is linear, continuous and onto; by [24, Theorem 8.4.11] then it is also open. Thus,
ðGPr ; t1Þ ¼ ðGPr ; t2Þ topologically and hence ðGPr ; t1Þ is, in particular, a semi-Montel
space. By Pe´rez Carreras and Bonet, [24, Proposition 8.6.8(v)] it follows that
ðGPr ; tÞ ¼ ðGPr ; t1Þ topologically, i.e. ðGPr ; tÞ is an inductive limit of Banach spaces.
Our claim is therefore proved.
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We have so shown that J is a closed map between inductive limits of Banach
spaces. Thus, we can apply Ko¨the–Grothendieck’s closed graph theorem (see [24,
Corollary 1.2.20]) to conclude that J is continuous. Since t is clearly generated
by fj  jL2ðTnÞ þ pi; iAIg; it follows that for every iAI there exist ci40 and i0AI so
that
piðfÞpciðjfjL2ðTnÞ þ pi0 ðPfÞÞ
for all fAGsðTnÞ: This completes the proof. &
In order to give the proof of Theorem 2.1, we shall now study the null space and
the range of a s-globally hypoelliptic linear differential operator P on Tn with
coefﬁcients in GsðTnÞ; sX1:
Let fpi: iAIg be a fundamental system of continuous seminorms of GsðTnÞ: Since
GsðTnÞ is (compactly) continuously included in L2ðTnÞ and then there exist i0AI and
d40 such that, for each fAGsðTnÞ;
jfjL2ðTnÞpdpi0ðfÞ; ð2:7Þ
we can assume that each pi is a norm on G
sðTnÞ so that it can be represented as
GsðTnÞ ¼ proj lim
iAI
Gsi ðTnÞ;
where Gsi ðTnÞ is the Banach space obtained by completion of the normed space
ðGsðTnÞ; piÞ:
Also, by (2.7) for every iAI with iXi0; the inclusion map ðGsðTnÞ; piÞ+L2ðTnÞ is
well-deﬁned and compact; hence it compactly extends to all Gsi ðTnÞ: We call this
extension Ti and we note that Tif ¼ f if fAGsðTnÞ:
Denote by J1 and J2 the canonical continuous inclusion maps of G
sðTnÞ in E0sðTnÞ
and of L2ðTnÞ in E0sðTnÞ respectively (/f ; J1fS ¼
R
Tn
ff dx for all f ;fAGsðTnÞ;
/f ; J2fS ¼
R
Tn
ff dx for all fAL2ðTnÞ and fAGsðTnÞ), clearly ðJ2TiÞjGsðTnÞ ¼ J1 for
all iAI with iXi0; i.e.,
GsðTnÞ+Gsi ðTnÞ!
Ti
L2ðTnÞ+J2 E0sðTnÞ; fAGsðTnÞ-J2Tif ¼ J1f: ð2:8Þ
Now we have:
Lemma 2.2. Let sX1 and let P be s-globally hypoelliptic in Tn: Then:
(a) N ¼ ffAE0sðTnÞ; Pf ¼ 0gCGsðTnÞ is finite dimensional;
(b) there exists a closed subspace F of GsðTnÞ such that, for every iAI with iXi0 there
exists di40 such that, for each fAF;
piðfÞpdipi0 ðPfÞ; ð2:9Þ
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where i0 is the same index corresponding to i in (2.6) and
GsðTnÞ ¼N"F:
In particular, R ¼ fPf; fAGsðTnÞg is a closed subspace of GsðTnÞ:
Proof. Since P is s-globally hypoelliptic in Tn; we have thatNCGsðTnÞ: By Lemma
2.1, for each iAI there exist ci40 and i0AI such that
piðfÞpcijfjL2ðTnÞ
for all fAN: This implies that N is a Banach subspace of GsðTnÞ; therefore it is
ﬁnite dimensional because GsðTnÞ is a dual Fre´chet–Schwartz space.
Thus we can decompose E0sðTnÞ into the topological direct sum of two closed
subspaces
E0sðTnÞ ¼N"V :
PutF ¼ GsðTnÞ-V ; it follows, as it is easy to verify, thatF is a closed subspace of
GsðTnÞ and
GsðTnÞ ¼N"F:
We claim that for every iAI with iXi0 there exists di40 such that, for each fAF;
piðfÞpdipi0 ðPfÞ;
where i0 is the same index corresponding to i in (2.6).
Otherwise, for some iXi0; there exists a sequence ðfhÞhCF such that piðfhÞ ¼ 1
for all hAN and pi0 ðPfhÞ-0 as h-N: Since the map Ti:Gsi ðTnÞ-L2ðTnÞ is compact
and Tif ¼ f if fAGsðTnÞ; there exists a subsequence ðfrhÞh of ðfhÞh such that
ðfrhÞhCF converges to some c in L2ðTnÞ and hence it converges to c in E0sðTnÞ;
therefore cAV and Pfrh-Pc in E
0
sðTnÞ as h-N: On the other hand, combining
(2.6) with the fact that pi0 ðPfrhÞ-0 as h-N too, we obtain that ðfrhÞh converges to
some f in Gsi ðTnÞ so that piðfÞ ¼ 1: Again by (2.6) this implies that ca0:
Moreover, by (2.8) and by the fact that Pfh-0 in G
s
i0 ðTnÞ; it follows that Pfrh-0
in E0sðTnÞ too. Consequently Pc ¼ 0 so that cANCGsðTnÞ:
We have thus shown that ca0 and cAN-F so that c ¼ 0; thereby obtaining a
contradiction.
Next, from (2.9) it follows that R ¼ fPf; fAGsðTnÞg ¼ fPf; fAFg is a
closed subspace of GsðTnÞ: Indeed, if ðPfaÞa is a net of R convergent to some
cAGsðTnÞ; where ðfaÞaCF; then piðPfa  cÞ-0 for every iXi0: By (2.9) it follows
that ðfaÞa is a Cauchy net in GsðTnÞ and hence fa-f in GsðTnÞ: Since P is a
continuous operator on GsðTnÞ and F is a closed subspace of GsðTnÞ; we deduce
that fAF and Pfa-Pf; thereby obtaining that c ¼ PfAR: This completes the
proof. &
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At this point, we are able to give the proof of our main result.
Proof of Theorem 2.1. We keep the same notation of Lemma 2.2.
We must show that, taken fAfvAGsðTnÞ; R
Tn
vw dx ¼ 0 for all wAGsðTnÞ
with Pw ¼ 0g ¼N>; there exists uAE0sðTnÞ such that tPu ¼ f :
To prove this, we ﬁrst observe that N is orthogonal to tPE0sðTnÞ: Indeed, if
uANCGsðTnÞ and v ¼ tPw with wAE0sðTnÞ; then
/u; vS ¼ /u; tPwS ¼ /ðtPÞ%u; wS ¼ /Pu; wS ¼ /0; wS ¼ 0:
Moreover, by Lemma 2.2, we can write GsðTnÞ ¼N"F so that inequalities (2.9)
hold on F for every iAI with iXi0 (i0 is taken as in (2.7)). Then, by (2.9), for each
fAF;
pi0ðfÞpdi00pi00ðPfÞ:
Now, taken fAN>; by (2.7) this implies that, for each fAF;
j/f; fSj ¼
Z
Tn
ff dx

pjfjL2ðTnÞjf jL2ðTnÞ
p jf jL2ðTnÞdpi0ðfÞpjf jL2ðTnÞddi00pi00ðPfÞ
and then, for each f ¼ f1 þ f2AGsðTnÞ where f1AN and f2AF; we have that
j/f; fSj ¼
Z
Tn
ff dx

 ¼
Z
Tn
ff1 dx þ
Z
Tn
ff2 dx


¼
Z
Tn
ff2 dx

pjf jL2ðTnÞddi00pi00ðPf2Þ ¼ jf jL2ðTnÞddi00pi00ðPfÞ:
This means that the linear form u :R ¼ fPf; fAGsðTnÞg-C deﬁned by
/Pf; uS :¼
Z
Tn
ff dx; fAGsðTnÞ;
is well-deﬁned, linear and continuous on R when it is endowed with the locally
convex topology induced by GsðTnÞ: By the Hahn–Banach’s theorem it follows that
u can be extended to a linear continuous form on all GsðTnÞ; denote by u˜ such a
continuous extension. Now u˜AE0sðTnÞ and
/f; tPu˜S ¼ /Pf; u˜S ¼ /Pf; uS ¼
Z
Tn
ff dx ¼ /f; fS
for all fAGsðTnÞ; thereby implying that tPu˜ ¼ f : This completes the proof. &
A simple application of Lemma 2.2 is the following result:
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Corollary 2.2. Let sX1 and let P be a linear differential operator of order m with
coefficients in GsðTnÞ: If P and tP are both s-globally hypoelliptic in Tn; then they both
have finite index, that is
dim ker P ¼ codimRðtPÞoN and dim ker tP ¼ codimRðPÞoN:
Remark 2.1. Looking at the above proofs we can conclude that the results of Section
1, in particular Theorem 2.1, hold also for other classes of functions similar to the
ones introduced in [1, Section 4]. We ﬁrst give their deﬁnition.
For any regular compact subset K of Rn let FðKÞCCNðKÞ be a space of functions
satisfying the following properties:
(i) there exists a family fFZðKÞ; Z40gCCNðKÞ of Banach spaces such that FZðKÞ
is compactly embedded in FZ0 ðKÞ for all Z4Z040 and
FðKÞ ¼ ind lim
Z-0
FZðKÞ;
(ii) the inclusion FðKÞ+CNðKÞ is continuous and has dense range;
(iii) the multiplication by an arbitrary element of FðKÞ and the differentiation are
well-deﬁned and continuous maps of FðKÞ into itself;
(iv) for each regular compact subset H of K the restriction map
R : RðKÞ-RðHÞ; f-fjH ; is continuous.
Clearly, FðKÞ is a dual Fre´chet–Schwartz space and hence its topological dual
ðFðKÞÞ0; endowed with the corresponding strong topology, is a Fre´chet–Schwartz
space.
If O is an open subset of Rn; we denote by FðOÞ the function space deﬁned by
FðOÞ :¼ proj lim
KCO
FðKÞ:
There are a lot of examples of such spaces FðOÞ as: the Gevrey classes GsðOÞ
introduced above; the anisotropic Gevrey classes with s ¼ ðs1;y; snÞ; sjX1; more
generally, the o-ultradifferentiable function spaces EfogðOÞ of Roumieu type (see, [5,
Section 4]). Other examples can be constructed from [7, Chapter 2, Section 1.2.4].
Now, let FðTnÞ be the space of all FðRnÞ-functions which are 2p-periodic in each
variable. As it is easy to verify, FðTnÞ is a closed subspace of FðRnÞ and
FðTnÞ ¼ ind lim
Z-0
FZ;perðKpÞ
when FðTnÞ is endowed with the topology induced on it by FðRnÞ (here FZ;perðKpÞ :
¼ ffAFðTnÞ; fjKpAFðKpÞg is a Banach space with respect to the norm topology
given by jjfjKp jjKp ; where jj jjKp is the norm of FðKpÞ). Since the inclusion maps
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FZ;perðKpÞ+FZ0;perðKpÞ are compact for all Z4Z040; FðTnÞ is a dual Fre´chet–
Schwartz space.
Let
Pðx; DÞ ¼
X
jajpm
aaðxÞDa with ðaaÞjajpmCFðTnÞ:
The operator P is said to be F -globally hypoelliptic in Tn if the conditions
uAðFðTnÞÞ0 and PuAFðTnÞ imply that uAFðTnÞ: Also, the operator P is said to be
F -globally solvable in Tn if for each fAfvAFðTnÞ; R
Tn
vw dx ¼
0 for all wAFðTnÞ with tPw ¼ 0g there exists uAðFðTnÞÞ0 such that Pu ¼ f in Tn:
Then, by proceeding as in the proofs of Lemmas 2.1, 2.2 and Theorem 2.1 with
some obvious changes, we obtain that:
Theorem 2.2. Let Pðx; DÞ ¼PjajpmaaðxÞDa with ðaaÞjajpmCFðTnÞ: If P is F -globally
hypoelliptic in Tn; then tP is F -globally solvable in Tn:
Assume now that for any regular compact subset K of Rn the function space FðKÞ
also satisﬁes the following conditions:
(nq) the space F0ðKÞ ¼ FðKÞ-CN0 ðKÞ is a closed subspace of FðKÞ and
F0ðKÞaf0g; therefore implying that F0ðKÞ ¼ ind limZ-0 FZðKÞ-CN0 ðKÞ by
[20, Theorem 7’] (non-quasianalyticity condition); F0ðKÞ ¼ ind lim
HCK
3 F0ðHÞ
is dense in
(d) FðK
3
Þ (density condition).
Clearly, the Gevrey classes GsðKÞ with s41; the anisotropic Gevrey classes on K
with s ¼ ðs1;y; snÞ; sj41 and, more generally, the o-ultradifferentiable function
spaces EfogðOÞ of Roumieu type with o non-quasianalytic weight (see, [5, Section 4])
satisfy conditions (nq) and (d).
Now, under all the above conditions we can obtain that:
Theorem 2.3. Let Pðx; DÞ ¼PjajpmaaðxÞDa with ðaaÞjajpmCFðKÞ: If P is F -globally
hypoelliptic in K ; then tP is F -globally solvable in the interior of K :
This theorem is also proved as Theorem 2.1 with some changes. The crucial
change in its proof is due to the fact that, in this case, for uAðFðKÞÞ0 tPu deﬁned as in
(2.4) does not coincide with P%u: Consequently, by repeating the same proofs of the
results in Section 1, we obtain only that, given any fAfvAFðKÞ; R
K
vw dx ¼
0 for all wAFðKÞ with P%w ¼ 0g; there exists u˜AðFðKÞÞ0 such that P%u ¼ f in K :
Since tPu ¼ P%u on F0ðKÞ; by condition (d) it follows that tPu ¼ f in the interior
of K :
On the other hand, by assuming only conditions (i)–(iv) it always holds that:
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Theorem 2.4. Let Pðx; DÞ ¼Pjajpm aaðxÞDa with ðaaÞjajpmCFðKÞ: If P is F -globally
hypoelliptic in K ; then P% is F -globally solvable in K :
Since the notion of F -globally hypoellipticity is clearly invariant by changes of
coordinates, Theorem 2.4 remains true for every compact F -manifold M of
dimension n instead of K :
Example 2.1. In the following, we shall give some examples of operators to which
Theorem 2.1 applies.
We point our attention only on the case s ¼ 1:
In [33] the following result is proved.
Consider the class of operators on TN ¼ Tm  Tn of the form
P ¼
Xm
j;k¼1
ajkðx; tÞXjXk þ
Xm
j¼1
bjðx; tÞXj þ X0 þ cðx; tÞ; ð2:10Þ
where xATm; tATn; ajk; bj; c are complex valued functions in G1ðTNÞ; and the
rigid vector ﬁelds
Xj ¼
Xm
k¼1
djkðxÞ @
@xk
þ
Xm
k¼1
ejkðxÞ @
@tk
ð2:11Þ
are real.
If
(i) fX 0j ¼
Pm
k¼1djkðxÞ @@xkg1pjpm are independent, and
(ii) there exists a constant C such that for all vACNðTNÞ:Xm
j¼1
jjXjvjjL2 þ jjvjjL2pfjRðPv; vÞL2 j þ jjvjj21g;
then P is globally analytic hypoelliptic.
From Theorem 2.1 we can deduce:
Theorem 2.5. Every operator P of the form (2.10) satisfying conditions (i) and (ii) is
globally analytic solvable.
Examples to which Theorem 2.5 applies are the following operators:
P1 ¼ @
@x1
 2
þ @
@x2
 2
þ aðx1; x2Þ @
@t
 2
;
P2 ¼ @
@x1
 2
þ @
@x2
 2
þ aðx1Þ @
@t
 2
;
P3 ¼ @
@x1
 2
þ @
@x2
 2
þ a21ðx1Þ þ a22ðx2Þ

  @
@t
 2
;
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where x ¼ ðx1; x2ÞAT2; tAT1; and aðx1; x2Þ; aðx1Þ and a1ðx1Þ; a2ðx2Þ are real
valued analytic functions on T2 and on T1 respectively, but not identically zero (so
that Ho¨rmander condition is satisﬁed for Pi; i ¼ 1; 2; 3).
Tartakoff [33] also gives results of analytic regularity that are local in some
variables and global in others, sharping the previous results. For example, the
operator P1 is analytic hypoelliptic in T
2  I ; I being an open interval, whereas P2 is
analytic hypoelliptic in I1  T1  I3; the Ij being open intervals for j ¼ 1; 2; if
að0; 0Þ ¼ 0 and að0Þ ¼ 0; respectively.
We point out that this anisotropic behaviour is not provided for by Theorems 2.1–
2.3; then we cannot deduce for P1 and P2 results of local solvability in some variables
and of global one in others.
For further results on local and global, analytic and Gevrey hypoellipticity and
solvability we refer the reader to [2,4,6,13,19,22,23,28,31,32,34] and the references
listed therein.
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